DEFINITE INTEGRATION |[JEE ADVANCED PREVIOUS YEAR SOLVED PAPER|]

JEE ADVANCED

5. Letf:R— Randg: R — R be continuous functions. Then
the value of the integral

xf2
Jl_,ﬂ[f(x)'*'f('-’f)] [g(x) —g(—x)] dxis

Single Correct Answer Type
1. The value of the definite integral I{;(He'f ) dx 18

a. -1 b. 2
c. 1+’ d. none of these 8 B b. |
(“T-JEE 193-” c. —1 d. 0 ("T—JEE 1990)
2. Let a, b, ¢ be nonzero real numbers such that 6. The value of m2  dx s
! 8 - 0 |+ tan’x
L:.(l 4+CoSs x) (a.r +bx+c)dr a. 0 b. 1
- ..
- L (l + cos® x) (ax- +bx -I-c)dr. C. /2 d. 7/4 (ITT-JEE 1993)
Then, the quadratic equation ax® + bx + ¢ = 0 has 7. If f(x) = 4 sin [EJ +B, f’(lj=ﬁ, and
a. no root in (0, 2) 2 2
b. at least one root in (0, 2) | 24
d. two imaginary roots (IIT-JEE 1981)
4 1 2 3
ni/2 a. —and — b. —and —
3. The value of the integral I i X dx is 2 2 (2 4
0 Jeotx + +/tan x -4 , 4
¢. 0and — d. —and0
a. n/4 b. n/2 T /4
C. T d. none of these (IIT-JEE 1995)

(IIT-JEE 1983)

: : ; g
4. For any integer n, the integral J'ﬂ e *cos’ (2n +1)xdx
has the value

a. « b. 1 a. _—SE b. -7 C. 5—” d. -2«

c. 0 d. none of these 3 3
(IIT-JEE 1985) (IIT-JEE 1995)

2
8. The value of Iﬂﬂ [2sin x]dx, where [.] represents the
greatest integral function, is
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9. Let / be a positive function. Let /, = f xflx (1-x)] d,

_* I, .
= jl_kf[x(l - x)]dr, where 2k — 1 > 0. Then E 1S
a. 2 b. k c. L d. 1
2 (IIT-JEE 1997)
10. If g(x)= J:cns"f dt, then g(x + m) equals
a. g(x) +g(m) b. g(x) - g(m)
c. g(x) g(m) a. 2% (ITJEE 1997)
g(m)
11. IM_M e 1s equal to
7/4 1+cosx
a. 2 b. -2 c. 1/2 d. -1/2

(IIT-JEE 1999)
12. If for a real number y, [y] is the greatest integral function
less than or equal to y, then the value of the integral

rmz[?.sm x]dx is

a. - 7= b. 0 c. -n/2 d. n/2

(ITT-JEE 1999)
13. Let g (x) = j: f(t)dt, where fis such that % <f@<1,

forre [0,1],and 0 < f (1) < l, for t € [1, 2]. Then g(2)
satisfies the inequality 2

3 1 i 3
. ——<g(2)<— b. — 2)< =
a. - ><g(2)<3 5<8(2)<3
3 5
c. ><g(2)s . 2<g(2)<4
2 2 (IIT-JEE 2000)
e“**sin x,for| x| <2 3
14. If f(x) = , then x)dx =
/@) {2, otherwise I'Ef( )
a. 0 b. | c. 2 d. 3
(IIT-JEE 2000)
15. The value of the mtegra]_[ Iugt, dx is
a. 3/2 b. 5/2 C. 3 d. 5
(IIT-JEE 2000)
16. The value of g ik dx, where a> 0, 1s
-] +a"
a. T b. ar
c. m/2 d. 2 (IIT-JEE 2001)

17. Letfix)= J': \2 — 1* dt. Then the real roots of the equation

x> —f'(x) =0 are
1

a. =1 b. + —
J2
C. :b% d. 0and |

(IIT-JEE 2002)

18. Let 7> 0 be a fixed real number. Suppose fis continuous
function such that for all xe R, f(x+ T)=f(x). If

3+3T
I j; £(x) dx, then the value of [ ™ f(2x)dx is

a. 3/21 b. 2/
C. 3 d. 6/ (IIT-JEE 2002)
112 | +x ;
19. Themtegral_[ [[x] + ln[ ]]dx is equal to (where

[-] represents the greatest integer function)
a. . b. 0 c. | d.Zln(%]

2
(IIT-JEE 2002)

| ¥ .
20. If L(m, n) = J'nr’" (1+1)" dt, then the expression for

L(m, n) in terms of L(m + 1, n— 1) 1s, (m, n € N),
2!‘!
m+l m+l

b. - 1)
m+l
C. : - 1)
m + I m+ 1
d. — L(m+1,n-1) (ITIT-JEE 2003)
n+l
4l
21. 1ff(x)= [, e dt, then / (x) increases in
a. (0,2) b. no value of x
c. (0, ) d. (-, 0) (IIT-JEE 2003)
22. If f (x) is differentiable and I{:x £(x)dx = %,5 then
4
— |equals
/ (2 5] q
a. 2/5 b. -5/2
c. | d. 5/2 (IIT-JEE 2004)
23. The value of the integral I ‘ dx 1S
a. — + l b. — -1
2 2
c. —1 . d. 1 (IIT-JEE 2004)

0
24. J‘Hz{.l‘] +3x% 43x +3 +(x +1)cos(x+1)} dx is equal to

a. -4 b. 0
c. 4 d. 6 (IIT-JEE 2005)
o fwar
25. lim —2 -— equals
X—— xz_f___
16
2
% 2 f(2) b. —f(2)
n 4
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d. 4f2) (LIT-JEE 2007)

- g

26. Let f be a non-negative function defined on the interval

[0, 1]. If J\(l f(r) dt = jf(r)dr{]*i.rf-l and

£(0) = 0, then
1) 1 1) 1
; —|<—and f| = |>=
. f[z){za" f(s] 3
1) 1 1) 1
b. (—)::-— d (—)}—
flg/x3%d/|3)>5
1) 1 1) |
! —|<—and f| - |<—
* f[z] s f[aJ 3
d f[ljblandj[l]czl (ITT-JEE 2009)
“I\2)7 2 3) 3
I(] ) .
27. The value nf_[ dx is (are)
I+x
. =g ni & 0 g L1 2%
7 105 15 2
(IIT-JEE 2010)
28. The value of lim— |20 *1) g, i
x=0 x~ 4 f+4
0 b 2
= ‘12
e | d. —  (UT-JEE 2010)
24 " 64

29. Let f be a real-valued function defined on the interval

(1, 1) such that e'-‘f(x)=2+j../r“'+1dr, for all

x€ (-1, 1) and let /' be the inverse function of /. Then
('Y (2) is equal to

a. | b. 1/3
c. 1/2 d. l/e (II'T-JEE 2010)
Va3 vsin x°
30. The value of — s-dx is
S sinx” +sin(Iln6 - x°)
a. 2 In = b. : In -
4 2 2 2
c. In 2 d. L! In 4
2 6 2
(IIT-JEE 2011)

31. Letf:[-1,2] = [0, =) be a continuous function such that
2

fix) =1 -x) forall x € [-1,2]. Let R,= [ xf(x)dx, and
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32.

33.

3S.

R, be the area of the region bounded by y = fix), x = -1,
x = 2, and the x-axis. Then

(IIT-JEE 2011)
2
The value of the integral j (.r + lngf x)cnsxdr 1S
2 -
- 2 2
a. 0 b. ——4 ¢ —+4 d. —
2 2 " 2
(II'T-JEE 2012)

Letf: B— 1] — R (the set of all real numbers) be a positive,

non-constant, and differentiable function such that

f'(x) < 2f(x) and f(1/2) = 1. Then the value of | f(x)dx

lies in the interval 112
a. (2e-1, 2e) b. (e—1,2¢~1)
c. [E—_I.E-IJ d. (0 E—_IJ
2 2
(JEE Advanced 2013)

Let f: [0, 2] — R be a function which is continuous on
[0, 2] and is differentiable on (0, 2) with A0) = 1.
J.'I

[ f(r)dt for x € [0, 2]. If F’(x) = f(x) for

0
all x € (0, 2), then F(2) equals
a. e*—1 b. -1
c. e— 1| d. ¢

(JEE Advanced 2014)

Let F(x) =

x/2

The following integral f (2 cosec x)'’
/4

dx 1s equal to

log(1++2)
a. [ 2(e"+e™) °du
0
Ing[l+-E_h
b. | 2e"+e™) " du
0
lugl.’lhﬁl
C J 2(e* — ™) du
0
lﬂg{l+\El
d. | 2e"-¢)°u  (JEE Advanced 2014)
0
3
Let f'(x) = ]92'2 for all x € R with f[l] =0. If
2+sin” mx 2

!
m < I f(x)dx < M, then the possible values of m and M
1/2

dre
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a. m=13, M=24 b, i
4’ 2

c. m==1l,M=0 d m=1,M=12
(JEE Advanced 2015)

Multiple Correct Answer Type

1. If_[{:f(r)dr =X _Eff(r)dr, then the value of /(1) is

a. 1/2 b. 0 c. | d. -1/2
(IIT-JEE 1998)

2. Let f(x) = x — [x], for every real number x, where [x] is

the integral part of x. Then Jl_ll f(x)dxis

a. | b. 2 c. 0 d. 12
(LIT-JEE 1998)

n n-|

n n
3. Let §, = and T, =
énhxmwz ,é,n2+kn+kz

forn=I1,2,3,.... Then

aS{——-——— IJS::»-—-——

W3 3V3

r:T*i——- dT}—

33 33

(IIT-JEE 2008)
4. Let f(x) be a non-constant twice differentiable function

defined on (- oo, o) such that / (x) = /(1 - x) and
l
‘I = [=0.The
(5)-0me

a. f"(x) vanishes at least twice on [0, 1]

ol

/2 |
| f[x+-]sinxdr=0
-1/2 -
1/2 _ I _
d. [ f(e)e™ dr= [ f(1-1) ™™ dr (IIT-JEE 2008)

0 1/2
n

5. If I = j(

. ]+?r")sinx

10
. ]n:!n*l 2 2m+l_lﬁﬂ
|

& 3 b, =0 d. I,=1

SIinnx

de,n=0,1,2, ..., then

n+ |
(ITT-JEE 2009)
6. Let f be a real-valued function defined on the interval

X
(0,=0) by f{x) =Inx + IJ] + sint dt. Then which of the

following statement(s) is (are) true?
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10.

11.

a. f7'(x) exists for all x € (0, o).

b. f(x) exists for all x € (0, =) and / is continuous on
(0, =) but not differentiable on (0, «).

c. There exists @ > 1 such that |[f(x)| < [f{x)| for all
x € (@, =)

d. There exists > 0 such that | f(x)|+ | f"(x)| < B for all
x € (0, ). (IIT-JEE 2010)

. Let S be the area of the region enclosed by y = eh‘r:. y=0,

x=0,and x = 1. Then
l
e e

C'SE%[Hﬁ] d. S£%+\}E[I--‘}§-)

(IIT-JEE 2012)

If fix) = [ (1-2)(t—3) dt for all x € (0, ), then
0

a. fhas a local maximum at x = 2

b. /s decreasing on (2, 3)

c. there exists some ¢ € (0, =) such that f(c) =

d. /has a local minimum at x =3 (IIT-JEE 2012)

For a € R (the set of all real numbers), a # - 1,

i (1“+29+...+n%) _ |
n—e (n+1)°" '[(na+l)+(na+2)+ .+ (na+ n)] 60
Then a =
a. 5 b. 7 C. ——15 d. ﬂ

2 2

(JEE Advanced 2013)

Let f: [a, b] = [I, =) be a continuous function and let
£ : R > R be defined as

0 if x<a

gx)= If(:)df if a<x<b,

\a

b
[fydr if x>b

Then
a. g(x) 1s continuous but not differentiable at a
b. g(x) is differentiable on R
c. g(x) is continuous but not differentiable at b
d. g(x) is continuous and differentiable at either a or b
but not both
(JEE Advanced 2014)

Let f: (0, e<<) — R be given by fix) = J'E[ Jﬂ , then
1/x !
a. f{x) is monotonically increasing on [1, =)

b. flx) is monotonically decreasing on (0, 1)

c. fix)+ f[..l_

X

d. 2% is an odd function of x on R
(JEE Advanced 2014)

] =0, for all x € (0, =)
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12. The option(s) with the values of a and L that satisfy the
following equation 1s (are)
ir
J ¢’ (sin® at + cos” at)dt
0 = L7
"

Ie’ (sin® at + cos® ar)dr
0

ax in
aa=2,L=52"1 b oa=21=-2%
e’ —1 e” +1
i _ an
. a=4,L=°"1 4 a=4L-2F
e" -1 e" +1
(JEE Advanced 2015)
13. Let ix) =7 tan®x + 7 tan®x - 3 tanx - 3 tan’x for all
X € (_E‘ E). Then the correct expression(s) is (are)
2 2
n/4 n/4
j .lf(.r)dr— = b. [ f(x)dx=0
0
nid r/4
j xf (x) == J flxdx=1
0
(JEE Advanced 2015)

Linked Comprehension Type

For Prcblem 1-3

b
Let the definite integral be defined by the formula I f(x)dx

= b—jE ( f(a) + f(b)). For more accurate result, for c € (a, ),

we can use j f)dx= [ f(x)dx+ j £(x)dx = F(c) so that for

c= a—;b-, we get rf(.r)cit= .l

+1(b) + 2/ (c)).
dIT-JEE 2008)

x/2 . ,
1. L} sin xdx 1s equal to

a. %(Hﬁ) b. %(H\E)
. T i =
T 82 " 42
[ f(x)x - ( ](f(x)-n-f(an
2. If im =0, then f(x) 1s
x—a (_I—-ﬂ)

of maximum degree
a. 4 b. 3 c. 2 d. 1
3. If /7(x) <0 V x € (a, b) and c is a point such that

a<c<b,and (c, f(c)) is the point lying on the curve for
which F(c) is maximum, then /”(¢) is equal to

xF(x) for all x € R.

. SB)- 1@ L 2/()- f(2)
' b—a . b-a
. 2/(b)-f(a) )

2b-a

For Problem 4-5
Cﬂnsider the function f : (oo, &) — (—oo, =) defined by

fix) = X’ —ax+] ,0<a<?2.
x>+ ax +|

4. Letg(x) = Iu lf ") dt which of the following is true?
+ I
a. g(x) is positive on (-, 0) and negative on (0, )
b. g(x) is negative on (—o, 0) and positive on (0, o)
¢. g'(x) changes sign on both (e, 0) and (0, o)
d. g'(x) does not change sign on (—eo, o)

(ITT-JEE 2008)

- lug,r]ﬂr) dt for all x € (1, o).

Then which of the following is true?

a. g isincreasing on (1, =)

b. gis decreasing on (1, o)

¢. g is increasing on (1, 2) and decreasing on (2, )

d. g is decreasing on (1, 2) and increasing on (2, =)
(IIT-JEE 2012)

For Problems 6 and 7
1-h
Given that for eacha € (0, 1), lim j r
h—0* h

Let this limit be g(a). In addition, it is given that the function
g(a) is differentiable on (0, 1). (JEE Advanced 2014)

41 -1)%""dr exists.

1
6. The value of g(;} 1S
a. n b. 2 C.

7. The value of g° (—) 1S

da. E bl T C. '_"?E d- 0
a 2

For Problem 8 and 9
Let F : R — R be a thrice differentiable function. Suppose that
F(1)=0, F3)=-4and F'(x) <0 forall xe (1/2, 3). Let fix) =
(JEE Advanced 2015)
8. The correct statement(s) is (are)

a. f/(1)<0

b. A2)<0

c. fi(x)#0foranyxe (1,3)

d. f'(x) 0 for some x € [l 3)

9. If jx F’(x)dx =—12 andj.x F”(x)dx=40, then the
mrrect expression(s) 1s (are)
a. 9/(3)+/(1)-32=0 b, }f(x)dlez
c. 9(3)-(1)+32=0 d. Ef(x)dx=-
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Matching Column Type

1.

2.

Match the statements/expressions given in Column I with
the values given in Column II.

Cnlumn |
(1) Two rays in the first quadmnt (a) 2
x+ty=|a and ax - y = |
intersects each other in the

interval a € (a,, <), the
value of a; 1s

(1) Point (e, B, P) Iles on
the planex + y + z= 2.

Let @=0d + Bj + %,

Cnluml_i_ _II

(b) 43

| k x (E X E)=0_,_ l_hen_ y=

I 0 ' 1
(iii) |[(1=y)dy|+|[ (v’ =Ddy| ' (€) |[{1-xdx|+
0 l 0

‘ 2
(iv) If sin A sin B 51Eb+. (d) l-
cos A cos B = 1, then the
value of sin C =

(IITJEE 2006)

Match the statements/expressions given in Column I with
the values given in Column II.

4. Match the statements/expressions in Column [ with the

open intervals in Column II.

| Column I -
(a) Interval contained in the domain of

the dlfferennal equation

(x - 3) y+y=0 -
(b) Interval containing the value of |
the integral

5
J(x=1) (x=2)(x-3) (x~4) (x~5) dx
I

(c) Interval in which at least one of the
points locus maximum of

1{:1::':52 x + sin X hes

(d) lntcnral in which
tan ' (sin x + cos x) is increasing

e —

A T—

T
definition of non-zero solutions of ~ (p) (——— —)

T
@ [o, -2-]

TS
(r) (g‘f—d‘-]

. i
™ (O" 3]

“} (“ T, Jr)

| Column IT

22

(IIT-JEE 2009)
5. Match the statements given in Column I with the values

given in Column I1.

n/2

0

(111) Cosine nf the angle of intersection of curves (c)61In2

= g log x and y =

qul_}mn I _

(1) I (sin x)***(cos x cot x — log(sin x)*™* )dx

(i1) Area bounded by —4y’ = x and x - l - Syz (b) 0

—— e e c——

x'—l:s

| ) | |Cnlumn 11 l

(a) ]

e —

(d)4/3

(ITTJEE 2006)

3. Match the statements/expressions given in Column [ with

Column I Column I1
(a) If&=}+ﬁ£,5=—}+ﬁ£ and ) A
=23k form a triangle, then the | .
internal angle of the triangle between
a ar_ndEis - -
2r

(b) If I(f(I] 3x)dx =qa*-b*, thenthe | | (CI) 3

r
value of f[g] 18

P S = —— = — ! '

5/6 =

sec (mx)dris (1) 3
lng:‘?’?.!ﬁ ( ) 3

(¢) The value of

| (d) The maximum value of |Arg (

|y
for|z|=1,z#1 is given by

| T
(1) >

(IIITJEE 2011)
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the values given in Column II.
Column I Column 11
| dx I 2
—log| =
@ | ®) ng(aJ
1 dx 2
b 2log| =
()Iu ey Q) ug[3]
3 dx s
© [, 0 3
2 dx T
d i
(d) T | (8) 5
(ITT-JEE 2007)

6. Match the statements/expressions given in Column I with

the values given in Column II.

Column 1

Column 11 |

' (p) The number of polynomials f{x) with

degree < 2, satisfying f{0) = 0 and
!

[fix)de =1, is
0

()8
non-negative integer coefficients of
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[—V13, /13] at which fx)=sin(x*) +

cos(x’) attains its maximum value, is

2 5.2 (3)4
(r) j dx equals |
._z l + EI |
T PO @o |
j COs 2x - Ing[i = x]d.r
(s) =2 == equals
e |+ x
_[ cos 2x - log| — |dx
]
(JEE Advanced 2014)

Codes:
(p) (q) (r) (s)

a. 3) @) @ (1)
b. 2) 3) @ (1)
¢ 3 @ (@) (@
d. 2) G (1) @&
Integer Answer Type

1. Let/: R — Rbeacontinuous function which satisfies f(x)

= _[ f(t)dt. Then the value of f(In 5) is
0 (II'TJEE 2009)

2. For any real number x, let [x] denote the largest integer

less than or equal to x. Let / be a real-valued function
defined on the interval [ 10, 10] by

if [x]1s odd
l+[x]=x, if[x]iseven

x —[x],

Slx) = {

2 10
Then the value of T_D j f(x) cos mx dx is
-10

(ITT-JEE 2010)

1 2
3. The value of _[4,1:3 {d—z(l - IE)S}d.r IS
0 dx
(JEE Advanced 2014)

4. Let £ R = R be a continuous odd function, which

vanishes exactly at one point and f{1) = % Suppose that

F(x)= _[ f(t)dtforall xe [-1,2)and G(x)= T:If(f(r))ldr
-1

]

for all x € [=1, 2]. If lim £L) = : . then the value of
—=1G(x) 14
|
f( ;] 1S (JEE Advanced 2015)

12 + 9x° X
f ]dxwhtrelan ' xtakes only

1+ x°

| J
5' Ifﬂz J(EQI+3’IHH I.I.' )[
0

principal values, then the value of (lﬂgr 11+ al - 3—;{] 1s

(JEE Advanced 2015)

=N |

6. Let F(x) = I 2cos’tdt forallxe Randf: [0. —]

— [0, o) be a continuous function. For a € [(]‘ l} o ¢

F’(a) + 2 is the area of the region bounded by x = 0,
y =0, y=fix) and x = a, then f{0) is
(JEE Advanced 2015)

. [x], x<2
7. Letf: R — R be a function defined by flx) = i g
, x>

where [x] is the greatest integer less than or equal to x. If

1

1= X (x*)

dx . then the value of (47— 1) 1s
2+ f(x+1)

(JEE Advanced 2015)

Fill in the Blanks Type

SCCX COS X SECZI +COot x cosec x

3
cosec™ x

2 2
1 COS“x Cos”™ x

1. f(x)=|cos’x cos’x

x/2
Then | f(x)dx = (IIT-JEE 1987)

| 5. 5
2. The integral j{; [x“] dx, where [-] denotes the greatest

integer function, equals (ITT-JEE 1988)

2 3
3. The value ﬂf_[ 2,| |—x" |dx1s
) (IIT-JEE 1989)

Iin/4 cp

74 1+sing

4. The value of do 1s

(IIT-JEE 1993)

3 Jx
5. The value of J. - dx 18
! ,/5 - X+ J;

(II'T-JEE 1994)

6. If for non-zero x, af (x) + bf [-l-) .. 5, where a # b,

X X

2
then [* f (x) dx = (IIT-JEE 1996)
2 . 2n
7. Forne N, [ —5—————dx =
0 sin“" x +cos”" x

(IIT-JEE 1996)

¢ 7 sin (7 In x)

8. The value of dx 18

|
* (IIT-JEE 1997)
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d Esin X 2 Eﬁm x

9. Let —F(x)=
et £-F (x) =

x >0. If_[

dx = F(k)-F(1),

X
then one of the possible values of k 1S

(ITT-JEE 1997)

True/False Type

. 2a f(x)
1. The val fth I
o ;\fﬂ ue o1 the Intcgra Iﬂ f(_r)+f(2a—_r)

(IIT-JEE 1988)

dx 1s equal

Subjective Type

1. Show that lim : + : +-~--+i = log 6.
§)—¥oo H+I H+2 6”

(ITT-JEE 1981)
2. Evaluate Eu (x +1

and ¢ is a parameter independent of x. Hence, show that

—x)" dx, where n is a positive integer

L_:-r" (1-x)""* dx=["Cyn+1)] " fork=0,1, ..., n.
(IIT-JEE 1981)

x T,
3. Show that L xf (sin x)dx = % L} f (sin x)dx.
(ITT-JEE 1982)

3/2
4. Find the value of L | x sin 7 x| dx.
(IIT-JEE 1982)

/4S8N X +COSX
0 9 +165in 2x

5. Evaluate

(II'T-JEE 1983)

12 x sin~ .r

;e

7. Given a function f(x) such that
a. 1tis integrable over evcry interval on the real line, and

b. f(r + x) = f(x), for every x and a real .

6. Evaluate I —

Then show that the integral I f(x)dx is independent

of a.
/2 |
8. Evaluate [ ————— "% dx (IIT-JEE 1985)
0 cos X +sin” x
9. Evaluate " X .where0<a<m.

0 |4+cosasinx
(IIT-JEE 1986)

10. If fand g are continuous functions on [0, a] satisfying
f(x) =f(a-x)and g(x) + g(a — x) = 2, then show that

[ risialode= [ sl
11. Show that J‘:zf(sin 2x) sin x dx

(IIT-JEE 1989)

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

=2 j:df (cos 2 x) cos x dkx.

Prove that for any positive integer &,
sin 2kx
sin x

(ITT-JEE 1990)

=2[cos x +cos3x+ ---+cos (2k— 1) x].

ri2
Hence, prove that J sin 2xk cot x dx = —
0

(IIT-JEE 1990)

X
If f is a continous function with jﬂ f(t)dt 5 as

| x| = oo, then show that every lin¢ y = mx intersects the

curve y* + [ f(r)dr =2. (LIT-JEE 1991)

. . of T
xsin2xsin [ — COS .r)
dx

Evaluate j: (IIT-JEE 1991)

2x~=x
Determine a positive integer n < 5 such that

Ee" (x—1)" =16 - 6e. (IIT-JEE 1992)

dx.
(IIT-JEE 1993)

5 4 3 p.
Evaluate r 2x"+x =2x +2x° +1

(r +1](x —l)

Isinx|dx =2n+ 1 - cos v, where n is a

(IIT-JEE 1994)

Show that _[:“

positive integerand 0 S v < 1.

rl—cosnx . N
IfU,= dx, where n is positive integer or zero,

0 ]—cosx
then show that U, ., ,

J-:rfz sinnd 1

+ U,=2 U, .,. Hence, deduce that

= —=nr.

— (IIT-JEE 1995)
0 sin“@® 2

Evaluate the definite integral

Uﬂﬁ .1'4 4 2x
'['”ﬁ[]—:rd}ﬂs [1+x3]dr'

(IIT-JEE 1995, 1996)

/4
Evaluate jﬂ” In(l+tanx)dx.  (IIT-JEE 1995, 1996)

Leta+ b=4,where a<2, and let g(x) be a

differentiable function. If:i

[ g(x) v +] g

> 0 for all x, prove that

x)dx increases as (b — a) increases.
(IIT-JEE 1997)

r 2x(1+sinx)

- 1+cos’x

dx.
(ITT-JEE 1997)

Determine the value of
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|
l—x+x

| L,
23. Prove that Jﬂ tan 5 dx = 2]0 tan~ xdx.

Hence or otherwise, evaluate the integral

['tan (1 x + ) (IIT-JEE 1998)
0

24. For x > 0, let f(x) = Llllif—fdf. Find the function

Ax) + f(-l—] and find the value of f(e) + f[é).
X
(II'T-JEE 2000)

25. Ify(x) = jr cos x¢0s V6 d#, then find % at x = .

£16 1+sin’VO

(IIT-JEE 2004)

/3 +4x°
26. Find the value of [ L . A =

s 2- cns(l X E]
3
(IIT-JEE 2004)

27. Evaluate I: &8~ (ZSin(%cns .r]+ 3;:05(-;— cnst] sinx dx.
(IIT-JEE 2005)

J“(l _ x50)100 4
. . (IIT-JEE 2006)
J‘n“ _ x50 )":"dr

28. Evaluate 5050

Answer Key

JEE Advanced

Single Correct Answer Type

1. d. 2 b 3. a. 4. c.

5. d. 6. d. 7. d. 8. b

9. c. 10. a. 11. a. 12, C
13. b. 14. c. 15. b. 16. c.
17. a. 18, © 19. a. 20. a.
21. d. 22. a. 23. b. 24. c.
25. a. 26. c. 27. a. 28. b.
29. b. 30. a. 31. c. 32. b.
33. d 34. b. 358. a. 36. d.
Multiple Correct Answers Type

1. a. 2. a. 3. a.,d. 4. a.b. c..d

§. a.,b.,c. 6. b,c. 7. a.,b.,d. 8. a,b,c.,d.

9. b..d. 10. a.,c. 11. a..c,d. 12. a.c.

13. a..b
Linked Comprehension Type

1. a. 2. d. 3. b 4. b.

S. b 6. a. 7. d.

8. a.b.c 9. c,d.
Matching Column Type

1. (i) - (b), (c)

2. (1)—(a)

3. (a) - (s); (b) = (s); (c) = (p); (d) — (7).
4. (b)-(p), (V)

S. (b) —(p); (c) —(s)

6. d.

Get More Learning Materials Here : &

Integer Answer Type
1. 0 2. 4 3. 2 4. 7
5.9 6. 3 7. 0
Fill in the Blanks Type
1. —[15”_32] 2. 2-2
60
3. 4 4. n(\2-1)
I | 7b
e = ! log2-5a+—
5 5 6 azﬂbz[a og2-35a 2]
7. & 8. 2
9. 16
True/False Type
1. True
Subjective Type
A f"+1—1 ) |
C (=1 (n+1) AR 5
1 6—-nm3
5. —log3 6.
20 ° 12
2
/4 no
X 16 ) sin O
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4. — 15. n=3 23. log?2 24. — (log x)’
/4 2
3 1 25. 2 26. A7) 00137
‘ Pl L, - o L] [] —_— tan 3_.._
16 2lt:1+g2 T 17. 2n+ 1 —cosv 7l 2
r n., |3+1 = 24 ¥ 3 . 1Y .
19. - -—lo " DRl 27. —[ecus(—]+—esm[—-]—l
B e o 12 5 2) 2 \2)
20. -g-ln2 22. 7 28. 5051
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Hints and Solutions

JEE Advanced

Single Correct Answer Type

1. d. L:(l e ) dx
4 6

_J(m_ Jdr

i g
2x - +-+100
3.1! 52' 73' L

= 2._._.1._+—..._=-—-+ nn:|

Il

.11 a2l Sl

Clearly, d 1s the correct alternative.

2.b. Letf(x)= I(I+-.':n:'.v.-‘a.”I x)ax® + bx +c)dx

o f(x)= (1 + cos® x) (ax* + bx + ¢) (1)
From the given conditions,
S)-f0)=0  orf(0)=/£(1) (2)
and /(2) - f(0)=0 orf(0)=/(2) (3)

From equations (2) and (3), we get f(0) = f(1) = f(2).

By Rolle’s theorem for f(x) in [0, 1]: /() = 0, 3 at least onc
asuchthat0<a<1.

By Rolle’s theorem for f(x) in |1, 2]: /() = 0, I at least one
PBsuchthat | < f<2.

Now, from equation (1), /(@)= 0

or (1 + cos” &) (acf + ba+¢)=0 (v 1 +cos® a#0)
orac’ + ba+c=0

1.e., a1s a root of the equation ax® + bx +¢=0.

Similarly, B is a root of the equation ax” + bx + ¢ = 0.

But equation ax” + bx + ¢ = 0 being a quadratic equation cannot
have more than two roots.

Hence, equation ax® + bx + ¢ = 0 has one root & between 0 and
1, and other root  between 1 and 2.

n/2 -.Jﬂﬂl X
3.a. /= l
e I“ Jcmx +,/ 3

. g JJ‘I’-"’ 1“31'1 X (2)
N 0 Janx + ..fct}l X

Using | f(x)dx = f(a—x)dx]

x/2

Adding equations (1) and (2), we get 2/ = j ldx
~I=m4

Le /= j “cos’(2n+1)xdx,ne Z (1)

= E e (7=3) 83 [(2n + 1) (m—x)] dx
[Using _[;f(x}tit = I:f(ﬂ - X) dx]
i I:Ei.m: rﬂﬂﬁj [(2" i I) T — (2”' T I)I] t‘ir

= -J;e“”l’ cos’ (2n + 1)x dx
=1
S I=0
5.d. Since h(x) = (f(x) + [ (—x)) (g(x) — g(-x))
S h(=x) = (f (=x) + f(x)) (g(-x) — g(x))
s h(=x)=—=h(x)
h(x) is odd function.

77 0+ SN ) - g(-x)dx =0

o A e | (1)

_r”" sin” x P 2)

CD"i X +‘iln X
Adding equations (1) and (2), we get

b g
2f=jn I
i pad

4

7.d. f(x)=Asin(m/2)+ B

s f(x) = %CGS(HI]

=

f’(%} = ATH cos E =2 2 (given)

S A=4/n
Also, given L:f(.r) dx = %

I{I[A sin ("‘;},, 3] dx = 2?”

|

‘ 24 [m) 24
S |- — cos +Bx| = —
T 2 0 (4
24 24
LA & - = S B=0
i1 n

8.b. /= [ "[2sinx]dx
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Ll

=2 sin x
e
I ’ b i
o Mo
1T i 117
& \Tg 6
H : _H‘ T } T I X
0 n n E‘E :\\: :b:‘lZn:
416 2 6 5% f
Iy
o .
M
From the graph,
[ = Skib fiE ?m&-*ldl'+ Elx.*ﬁ_zdt in —1dx
x/6 n Trn/6 lix/6
[Srr :r} [ n } ( |1z ?HJ
=l —=—|4|-——+nm|+2]|- +
6 6 6 6 6
+(—2:r+l—l—1r]
.
3 6 6 6
9. ¢c. Given fis a positive function, and
A .
I, = j]_kxf[.r(lax}]dx
[
/ =Jll_if[.r (1 - x))dx
k
Now, /, =Il_1.tf[.r(l — x))dx (1)
k
= |, (1 =010 - xpdx 2)

[Using the property I:f[x)dr = I:f(a +b —x)dx]
Adding equations (1) and (2), we get
=1 - L _1
2/, = J'I_k_/[.r(l - x))dx = 1, or ot
10. a. g(x) = _L: cos” tdf

I+
sgx+ )= jﬂ cos” 1dt

i § 4 .I+.: 4
= jﬂ cos tdt +I cos  tdt
I

4 4 5 4 -
= g(x) + Ju cos «dt [~ period of cos™ 1 is 7]
= g(x) + g(m)
T  ( (1)

4 | 4 cos x

ZJJHH dx
/4 |+ cos(m — x)

[Using the property I:f(x) dx = I:(f(a +b —,t))dr]

in/d  dvx

= | (2)

/4 | —cosx

Adding (1) and (2), we get

12.c.

14. c.

15. b.

2! _ IE!‘“I l & l d!'
/4 {l+cosx |—-cosx

In/d
= Lq 2cosec x dx

= 2 (- cot x)iff

= —2[cot 3 w4 - cot /4]
=2(-1-1)=4

coI=2

Refer to graph of Question 8. Then

_[T[z sinx)dx

x/

_ Sx/b | de+ e T /b —ldt+J 2y

K2 T

f(t)de< (1)

20< [P f(0)dr< % 2)

{e"““ sin x, for|x|<2

. otherwise
ﬂrJif(I)dt=fIf(I)cﬁ+I;f(x)dr

= [ e sin xdx + [ 2dv = 0+ 2[x]} =2

[ €™ sin x is an odd function]

. ]erl log, x &
el X
1 log, x
For —< x <], log, x <0. Hence, BeX <.
€ X
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98¢ % 0.

X

For 1 <x<¢é’, log x > 0. Hence,

&= I:!r——lﬂg‘-‘ = dx + JT: h}_g;._x dx

X

e
EE

-~ [(og. ]+ 3{(tog, x)"]

- -‘2- [n - (—1)3] + % [(2)2 -—0]

X C{}EI X

16. c. f—j dx (1)

"l+a'

x cos> (0 - x}
ol 1

x|+ 4'%%
[Using the property _[:f[x) dx = I:(j(a +b -.r)]dr]

x 2
. F=f*a cos X b 2)
% l+a"

Adding equations (1) and (2), we get
2= fxcﬂsz x dx
= 2_[: cos’ xdx

x/2

s 2U=4f cos® xdvx (3)

[ [ Fx)ax=2 [ f(x)dxif f(2a-x)= f(.r)]

=4 j[':"z::.inr'E x dx (4)
Adding equations (3) and (4), we get

2
4!=4L 1
orl=nxn/2

17.a. Here, f(x) = ["\2 - dr

s f(x)= JZ—-xI

Now, the given equation x° - f’(x) = 0 becomes

18.c. Let/, = j;”r f(2x)dx.

= 6], fG)dy [ f(x) has period T}
=3/

Get More Learning Materials Here : &

0
= 1—1dr+_|' “0dx+0
[ Inrg[I . IJis an odd funclinn]

l—-x
|
= [_IEHI == [E) =-1/2

. ! m n
20. a. Given L(m, n) = Lf (1+1) dt

Integrating by parts considering (1 + r)” as first function, we get

;m+l ! n I
L(m, n) =[ : (1 +r)"L - L:’"“" (140)"" di

m+ m+ 1
2!1
= NN e,
m+l m+l

I+I

21. d. We have f(x) = _[ et dr
s f(x)= e oy _orl 2y
= 2x [E-{II + ]}I _E-.t"]

(.!r2 2 1}2 > x*

x* -(1: + 1)? x

sy 1t L <e

-- E

coe WA g
S ()20 x<0

Therefore, f(x) increases when x < 0.

2 s

22. a. j;.xf(x) dx =§f (Here, 1 > 0)

Differentiating both sides w.r.t. 1, we get

Ff(F}x2r=§x5r4

~f(P) =t
4) 2
Put.r-'— Thenf( ] re
23b1~—j' dr
| o
:I | xdx
0 fi_2
| el
=sin".::‘—_l. = dx
0o Jo 3
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T T
=—+{0-1)=—-1
2 ( ) 2

0
24.¢. 1 = [[x" +357 +3x+ 3+ (x+1)cos(x + 1))

je—

[(x+ l]3 + 2+ (x+1)cos(x+1)]dx

—
o

III__I"-—-.IcI I!n.l.'—-“'=

()
o l= j[—(l +x)° +2=(1+ x)cos(] + x))dx

Adding (1) and (2)

[ f(o)de )
25.a. lim —2 - (;frum
I.-iE "_E 0
) 16
. f[sec: X)2 sec xsec xtan x
= lim
x Z2x

F——

[(=2=x+1) +2+(=2 = x+1)cos(-2 — x + |)]dx

(1)

(2)

(Applying L'Hospital’s Rule)

_ 2f(2) _ 8f(2)
n/4 n

L}

26. c. i\/l —(f'(1)) dt =Jf(r)d:
0

Differentiating w.r.t. x, we get
Jl ~(f'(x))* = f(x)
| - (F ()" = ()’
(f(x) =1-(flx)
Fr)=2y1-(f(2)

L30 e

J\/I —(f(x)’
.[led_{? - i'.[ltit

sin”' 1=+(x+c)
2 I = flx) = xsin(x + ¢)
Now, fl0)=0
: c=0

Thus, fix) = sin x (as fix) is non-negative function in [0, 1]).
Hence, correct option is (¢) as x > sin x for V x> (.

|
27. a j(.:*-4x5+5x4-4.r3+4- ) )dr

-+

0 L +x
7 5.6 3 |
X' 2x s 4dx 1 Al
= - +x  =—+4x| —4[tan"".
l? 3 X 3 r]ﬂ 4{tan"" x],
1 2 + 22

=—==+4]-—4+4-f=—-r
1 3 3 7

Get More Learning Materials Here : &

o '+4

v—U x
J'-r In(1 + r)dr
4
= lim J :4 (Efnrm)
0

x=+l) T

x In(l + x)
1
=T (x +14}
v —=l) 3*]:'

_ Iim-!- lngril + Xx)
=03 x(x”+4)
l

12

29. b e""f(.t]=2+I ' +1dt (1)
0

Now, f(/ '(x))=x

S LTS T )Y =1
]

/'U7(Q2)

fO)=2.71"2)=0

1
1°(0)

S (Y=

= (L)) =

e f(x)= 2+I  + 1 de
0

Differentiating w.r.t. x, we get

e (f1(x) = f(x) =Vxt +1
Putx =0
s f(0)-2=1
or f(0)=3
~ ()Y(2)=1/3
30.a Putx” =1 or 2xdx = df

In} 3
o ... dr (1)
2 < sint+sin(In6-1¢)

In}

_ I=‘I'J‘ sin(ln6 —r)
N Emsin(lnﬁ—r}+sinr

di (2)

b b
Using J‘f(d)du_[f(mb-x)dxand In2+In3=1In6

Adding (1) and (2)
 In3

2l = — _[ ldt or I=
2

In2

| 3
— In —.
4 2

2 2

3l.c R, = I.rf(x}dt= I(Z-— |- x)f(2-1-x)dx .
-1 =

2 2
= [a=-x)f(1-x)dx= [(1-x) f(x)ddx
-1 ~|

@'ﬁ www.studentbro.in



‘ Tt
Hence, 2R, = If(x)d.r= R,. For I="§*"=0
] Also, cosec x + cot x = ¢“ and cosec x —cot x = ¢
32. b. G
% = cot x= e
J 11+]ugr(n+xJ cos x dx .
L T —X Also (" - e™) du = -2 cosec x cot x dx
2 0 B =
£ E — I’-:_ I {EH+E-H}|72 {E € J{ dﬂ
2 2 = cosec x cot x
= J t” cos xdx + Ilngr[n+ )cus.n:ix lnmf'
n—X
- —% =-2 J (e“+e™")° du
; In(1++/2)
3 g o In(1++2) | 6
2_[x Cos rdx+{}[ Ing,( Jcmxﬁanoddfuncuun = J 20"+ e )" du
0 0
=2[x"sin x + 2x cos x — 2sin x|} 36.d. f(x)= l?24.r3 Y re Rf( ]=
2+sin (mx)

2 2
=2[”——2]=”——4
4 2

33.d Given/'(x) - 2f(x) <0 .. f(x)e ™

-y

%U’(I)f “)<0
Thus, g(x) = f(x)e **
Also, f(1/2) = 1.

For x}l

1s decreasing function.

g(x) < g(1/2) or f(x)e ¥ < f(1/2)e ' or fx) < ™~

Uﬁjj{x}dr{.[ -lgeor0< Jf(x)dr{

12

. Fx= [ f()dt
0

F(0) =
F'(x)=2xfx)=f"(x)

U

F(x) = e _ |
F2)=¢"-1

U

4|

H-l. | =

(2 cosec x)'" dx

b | o S

Let e + ¢ = 2 cosec x.

For .t=%.u=ln(]+\/§)

Get More Learning Materials Here : &

~2¢ fx)<0

Now, 64x° < f(x) <96x’ V x € B—l]

[ 64.°des | fr(0drs [ 96dx
1/2 112 1/2

So, 16,1*4—l£ﬂ,r}£24x4— % Vxe [%l]

| |
_I[(lﬁx"—l)dx-s [ fx)dx< j(,zal.r‘—%)dx

1/2 1/2 1/2

-] lﬁ.ﬂ__l_-:: {24.2_2
5 32 2 ,,I.,f“dx s 32 4
78
= g $—
m If{xm 20

1/2

Multiple Correct Answers Type
1. a. Ef(r] dt =x+ Erf(r)dr

Differentiating both sides w.r.t. x, we get
f(x)=1+0-xf(x)
Sx+D)f(x)=1

(- f0) = 1) 5 ) = s
' x+1
_1
orf(l)= ;
(" F(0)=0) 2.0. | f(x)de= [ (x—[x])dx
. _[_ledr——f_ [x] d
~0- J'il[.t]dr (1)
[* x is an odd function]
= [ (-1)ds ~[ 0dx
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3.a., d. S,,=i : e

and

So, consider function f(x)= .

|+ x4+ x

P B s
R A
By O -
+ L . & & ' o
y L L PR P
i SR Y IFSET
¥ P -
i " ¥ "."1 .I'.r' l.. .'-.'
I A 1 1.--..I. 1 r.'_ * |"_ I"‘I n .".
i

ol 1/n 2n 3in

-I-.I.'+.‘~l‘2
1 -____________’_
0 I/n 2/n 3/n n-11
n
t 1
From the graph Sn-c_[ sdx<T,
“l+1+x
;
dx
Now, I >
nl+.t+.r
=j- dx
0 1]2 3
x+—| +=
(++5) +3
i 1)
2 X+ —
=|—=tan™"' -
il
L \ 2 .J_ﬂ
e O
W3
n
S, <—=<T,
33 "
4.a.,b.,c.,d.
Sx)=f(1-x)

Replacing x by % +x, we get

Get More Learning Materials Here : &

(1)

@ 1/4 3/4 "
° 7\
Y
112 | 1/2 [
j f(:+§)sin.rdr= I f(-.r+5)5in(—x}dr

-1/2 -1/2

/2 1
=-— _[ f(.t+—)-sinxa!r
-1/2 -

172

= | f[x + %Jsinxdrz 0

-1/2

Also, f/'(x) =~ f'(1 - x) (2)
and for x = 1/2, we have f’(1/2) = 0.

l 0

Also, If(l ~1)e*™™ dt = - J'f(y) e dy
I/2 1/2

(by putting,! — = y)

Since f(1/4) =0, f'(3/4) = 0. [from equation (2)]
Also, f'(1/2) = 0. [from equation (2)]
Thus, f”(x) = 0 at least twice in [0, 1]).  (by Rolle’s theorem)
S.a.,b.,c.
t sin nx
I = dx
e e 2
_ "f sin(—nx)
“ (1+x7%)sin(-x)
T |
' sin nx
I = dx 2
" _{,{Jr‘+l)sin.r @)
Adding (1) and (2)
T sin nx
2,= [ ==&
¢ sinx
 sin nx '
- e __sinnx i
_{[ = ( o IS an even ﬁlnctmn)

sin(n + 2)x - sinnx

Nuw,fn+1;f = "
Sin x

2cos(n+1)xsinx

sin x

K
s h=ml=[2cosxdc=0
0

Sh=L=k=..=nr
and,=Il,=I,=...=0

=
paal
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6.b,c. f(x)=In I+I.JI+5iI'II dr
0

=3 f’(x)=-!-+\(l+sin.r
b

£7(x) ] " COS X
_ e ~
x* 2,{1 + sin X

f"(x) is not defined at for x = 2nx -%. nelN .

So, option (a) 1s wrong.

f'(x) exists for all x> 0. (o 1+sinx20)

] :
Also f’(x) is continuous and differentiable as — and J 1 +sinx
are continuous and differentiable. x

x
Forx>1,fix)=Inx+ IJl'i‘Friﬂf dr >0
0

Also, f'(x)= 2 +J1+sinx>0
x

X
Further, l+\/I +sin x is bounded and In x + JJI'FSinl' dr is
X 0

unbounded for x — oo,

Thus, there exists &> 1 such that If"(x)l < Ifix)l for x € (@, o).
Iflol + If'(x)l < B is wrong as fix) is monotonically increasing
and it is unbounded, while fis finite.

7. a., b., d.
& B*’ i1 )
V2 Ve
R
.‘Il"[l,l
e
- ' -r < = X
-1 0 Q( | ﬂ]u.nw
7
Y
> L (As area of rectangle OCDS = 1/e)
e

Sincee * 2e "V xe [0,1], we have

1
S> je"‘dJ::[l--l-)
e
0
Area of rectangle OAPQ + Area of rectangle JBRS > §

s ()4

. 1 | |
Since — — <l ==
4['*{]

e €

Option (c) is incorrect.
Sa b.c,d

flx)= je'z At =2)t = 3)dr
0

1
L fxy=€ (x=2)(x-3)
0 + 2 = 3 #
Clearly, maxima at x = 2, minima at x = 3 and -
decreasing in x € (2, 3).
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ff(x)=0forx=2andx=3
So, there exist ¢ € (2, 3) for which f“(¢) = 0.

(Rolle’s theorem)

0.b,d 1 (1°4+ 29+ ...+ n")
now (n+ 1" [(na+ 1)+ (na+2) +...+ (na + n))

lim : i(ir

= n—eo i1 _\N
lim [I + l)a_l lim li(a+ ﬁ]
n—pon n H—'mﬂr=| n

i P )

I
J'{a + x)dx
()

2 _2

e
—

T Qa+D(a+l) 120

«~ a=17or- . (Given)
10. a., c. .
For continuity at x = a

lim g(x)=0

[—*d

i

g(a)=| f(t)dr=0

a

lim g(x)= lim_ [ f(1)dr=0

r—ra 1= a

Hence, g(x) is continuous at x = a.
For continuity at x=b

X b
lim g(x)= lim If(r)dr=ff{!)dr
1=h t—rh > p

= liT_g{x)= g(b)

Thus, fix) is continuous at x = b.

0, x<a
g'(x)=4{f(x), a<x<b
0, x>b
Since fix) 2 1 for x € |[a, b], g(x) is non-differentiable at x = a
and x = b.
11. a,, c., d.

o .

Wx

= f’(.r)=€ =
X

() ),
)

e

X

> () for x €[], e°)

Therefore, fix) is increasing in [1, o).
f(x)>0forxe (0, 1).
Hence, fix) is increasing.

=
paal
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Also, f(x)+ f(lt]

g(—x)= dt =—g(x)

Hence, fi2") is an odd function.
12. a., c.

Let Ie' (sin® at + cos” at)dt = 1,

0
2R
Ly B 4
= If{sm at + cos at)dt
R
Putr=x+nm
dt = dx

Fora=2anda=4

 f
I,= j X (sin® ax + cos’ ax)dr
0

"
e I,

Similarly.
n
I e' (sin® at + cos” at)dr = e?"fl
x
ax
and _[ e (sin® ar + cos” an)di =
iz
in
_[ ¢' (sin® ar + cos” ar)dt
0

E]III

If' (sinﬁ' at +cos” at)dt
0

x

. 3 4
je’ {sm" at + cos” at)dr + [ e’(smﬁ al + cos at)dt

0 n
in anx

+ I ¢' (sin® ar + cos® ar)dr + I e’ (sin® ar + cos” ar)dr

n inx

Ie’ (sin® ar + cos* at)dr

0

g

=1 +e8+F+
f‘"'-l
e” -1

13.a.,b.
fix)y=(7 tan’x - 3 lanz,r} . secx

|
f(xdx=[(71° =3 )dr = (1" =1')y=0
0
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T

4 |
Now, [ xf (x)dx= ]{7:’" - 3% )ytan"' 1 dt
()

=(tan”'r- (¢ = 1))}, - ju ~1’)
| + 12

Linked Comprehension Type

“”J

x/2 y. b4 . T
. a. ' = = sin 0 +sin — + 2sin—
l.a L sin x dx 3 ( > 4]

:£(1+J§)
If x) dx — s f(x)+ f(a
2.d. lim 100 ( £ 1{ ) ))=0
= (x-u)'
a+h h
1imj (x)dr-i(;f(a+h)+f(a])=0
h-0 h

fla+ h) == [f(@) +f(a+h)]- 7 (f"(@+h)
S him 2 <

h =) 3}1:

= di

=0

[Using L’ Hospital's rule]

*f(a+h)=3f(a)=3 S (a+ h

s him - =0
h—0 Ih
) = l h
~ f'(a+h)-= f* (a +h)——f ( +h)
k=0 6h
[Using L’ Hospitals rule]
—f"(a+h
s lim [ )={}
h—0 12

s ffa)=0Vae R
Thus, f(x) must be of maximum degree 1.
3.b. f"(x)<0Vxe (a,b),force (a,b)

Fiey="5=(f(a)+ f(e)+ %E(I (6) + 7 (c))

2 f(a)+ 2= £ (b)

b—-a C
= - +
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or F'(c) = !J-Taf'(c)%;-f[u]— %f(b)

-
r—

l
> [(b-a)f(c) +f(a)-[(b)]

s Fo(e)= %{b -a)f"(e)<0

[~ ["(x)<0V x€ (a,b)and b > a]

Therefore, F(c) is maximum at the point (¢, f(c)) where

F'(c)=0orf"(c) = z( f(6) - /a) J

b—a
PR T el BRI
(x*+ax+1)
gi(x)=  {e EE:
|+ e~

2a(e** - 1)e’

- (e +ae*+ 1)1 + ™)

an.g'{x}}(}ifel'— 1 >0o0re™> 1 orx>0
And, g'(x) <0 if e -1 <Qore”*<lorx<0

N

X+

, 2(x -1
. b. gt.r}=[ L l)—lngf.r)f(x}.

—ar+1

f(x)=—5 -
x“+ax+ 1

2ax

=]-

3
+axv+|
2a

l
(x+—~)+a
X

]
Forx>lLx+—>2

I

X
2;] <| (. D<g<l)
(x+—)+a
X
L4(x) >0
Let h(x}=(2{'t_” -—lugr.rJ
x+1
= hi(x)= 4 5 —-—l- =—[I-|: <()
(x+1)" x (x+1)

Also, h(1)=0s0, h(x)<0. .. gx)<0 Vx>1
Therefore, g(x) i1s decreasing on (1, o).
.a -
gfl]= lim [ (-0 dr
k

L h—0"

di
= [+—
DI —1
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=1-:in'l | - 5in"(—l}= m

/

I-h
0 =-0""di

7.d. g(a)= lim I
h—0 :
1-h
= gll-a)=lim [ "0 -n""""ar
h—=0° h
I-h
= lim J N = 1) dr
h—()°
-k
= hm j (I—IJ“_'{I—(I—I)}L"M
h—0" h
-
= lim | (1=0""1"di
h=0" A

Thus, g(a) = g(1 - a)

= gla=-g'(1-a)

= g(112)=-g'(1-112)

= (12)=0

8.a.,b.,c.

Ax)=xF(x)

. f(x)=xF'(x) + F(x)

=  f()=F()+F(1)=F'(1)<0
F(l)=0and F(3)=-4

Also, F'(x) <0 forall x e (1/2, 3).

So, F(x) is decreasing and hence F(2) <0.

fi)=2F(2)<0
Also, forx € (1. 3),
F(x)=xF"(x)+ F(x)<0
9. c., d.

3
[ F7(x)dx = 40
I

J

3
L F/ (0] = [3x°F/(x)dx = 40
|

[ f(x) = xf ()] - 3(=12) =40

9(3) - 3f3) - f(H+A1) =4
9'(3) +36 - f (1) +0=4
9f'(3)-f"(1)+32=0

Lyl U

3
| f(x)dx
!

= }.rF{x}d.t

].. : ’
X [
=| —F( ]] — — | x“F'(x)dx
<o s
9
2

F(3}—%F(I}+6
=-18+6=-12

(1)
(2)

(Using (1) and (2))

(= F(1), =~ f1)=0)
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Matching Column Type
1. (iii) - (b), (¢)

|
[(1= yH)dy|+
0

0
[(y* = Day
1

=2-2-.t
3

Note: Solutions of the remaining parts are given in their
respective chapters.

2. (i)-(a)
xi2
I= _[ (sin x)***(cos x- cot x — log(sin x)*"*)dx
0
x/2
= = J E(sin ) dx=[(sin x)*™" ]E" =

0
Note: Solutions of the remaining parts are given in their
respective chapters.

3. (a) - (s); (b) = (s); (¢) = (p); (d) — ().

. [

11+ x°

=|:Ian-' Illz = tan"(l) —tan ! (-1)

d. J,I IJ%=[SEE_I x:llz =sec '2-sec” | = %
4. (b)-(p), (V)
l = i{x = Ix=2)(x=3)x~4)x-5)dx
Putting x =lr +3

I= [(+2) G+ 1)1 (=1)@-2)ds
=2

- I 1t = D + D
2

= () (as 1*({2 — 1) + 1) is an odd function)

Note: Solutions of the remaining parts are given in their
respective chapters.

5. (b) - (p)
b
[(f(0)=3x) dx = a® - b

b -
If"’”‘i“%‘bz-a%+a’—b’=[b 2 ]
= fx)=x = f(%):%
() - (s)
J[z 5/6

j sec (7x) dx
log. 3 ;¢

r [ log, | (sec x + tan 7x) /e ]

log, 3 n
n S S Tn x|
= log, |scc — + tan —| - log, |[sec — + tan
log, 3( 6 6 6 vﬁ_”
== 1

Note: Solutions of the remaining parts are given in their

respective chapters.
6. d.

(p) Letfix)=ax’ + bx, (+ RO)=
|
Given [ f(x)dx=1
0
= 2a+3b=6

=  (a,b)=(0, 2)and (3, 0)
(q) fix)=sin(x?) + cos(x’)

T
. JE[ __]
4
For maximum value, X - % =2nm,ne Z

= x-—+\/7 Jﬁa&.xr&[-\/l?’ Vi3]
2

z(l+e}

(r)

(1)

3(—,1:)"
) J s1+e "

'-f=j’ (3.1']‘1':

X (2)
5 e +1

Adding (1) and (2)

3 5

e (3x7)

dx +
j[z e+ 1

‘. 2

3x
=5 !+I=J“+EI)
-2

dx
2
= [3x% dx

2
=2[3x% dx

0
=16
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112
j cnszxilng(:t’{]dr
(s) We have | ==l2 0

e

1 +
| -

-t

Jcm 2x-lo

H

d
I+r)

Let, f(t)—cnshln[

- -2x)1
. f(=x)=cos(=2x) n(H.J

= w--tr::t:ls(llr‘,l]n( - IJ

|—x
=—f(x)

Thus, fix) is an odd function.
= [I=0

Integer Answer Type
1. (0) f(x) = j f(t)dt,ie., f(0)=0
0

Also, f'(x) = f(x), x>0

or ix)=ke', x>0

Since f(0) = 0 and f{x) is continuous, f(x) =0V x>0
~ f(In5)=0

x-=1, 1sx<2

1—-x, ﬁﬂx{]

2.(4) f(-l’)—{

From the graph f{x) is pencu:hc with period 2 and also even
function.

Also cos 7x has period 2

10
s 0= [ f(x) cos mx d

-10

10
= 2_[ f(x)cosmxdx (" flx) cos 7mx is an even function)
0

=2 X SI_f[x)cus nxdx

oy

| 2
= 10| [(1-x)cosmxdr+ [(x~ 1)cosmxdx [=10(/, +1,)
|

s

= I[x-— 1)cos mxdx (putx—1=1¢)

I, = -J'rcnsm di
0
| |
E j(l - x)cosmxdx = —Jrcus(n.r)dr
0 0
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s I=10 —2Ixcnsnxdr

= =20| x

o= . i
sintx _ cos HIL

j 40
= =20| - 11 = 11]= 5
. il n.l-

N
10

3.(2) j4x {d'( -x’-)"}dx

dx?

l l d
[4: —(1- ] - 122" —(1 - x*)’ dx
0 p dx

(Integrating using by parts)
=[4x" % 5(1 - x*)*(=2x)),

|
-Il[lxz(l—xz)ﬁﬂ,—flr(l—x:)‘idx}
0
l .
=0-0-12[0-0)+12 [2x(1-x*) dx
0

i 2,6 7'
R [ L. )J
0

6

=12 0+1]=2
6

4. (7) fix) is continuous odd function and vanishes exactly at one
point.
' f0)=0

F(x)= Jf(r}dr
=)

| x
= [ fde+ [ f(t)dt
-1 I

=0+ [ f(1)dr (as fir) is an odd function)
|

fin) 1s odd function
fUAD) is also odd function

IAfin)l is an even function
Af i)l is an odd function

G(x)= [t1f(fanlde= [0l f(fapide
-1 |

Now, lim Z'x) (E fﬂrm]
x=+] G{_I} 0

. f(x) e e
= 1;:11 T (Using L'Hospital's Rule)

= 1 (Given)
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I 2
5. {9} o =J'Eg'.t+3lﬂ.ﬂ'11(lz +91I ]d.r
0 I+ x~

Let9x + 3tan 'x =1

= [9+ - s |dx=dt
] + x°
2
. [12+9:: ]dxzdr
1+ x°
3
'ﬂ+-f- '}+3—H

= log(l+ax)=9+ BTH

» K
X" +—

8}
6.(3) F(x)= J' 2 cos’ tdr

.
L _J

& F(x)= 2(::05[,1*3 + %)] 2x—2cos’ x

According to the question,

Fla)+2= | f(x)dx
0

2 a
= Z[CGS(HI+EJ] 2a - 2 cos’a +2=Jf{.t]d.r
0

Differentiating w.r.t. a, we get

» U
4 cos® (ﬂ“+g] +4dax Ecus(az - E)(—Siﬂ(ﬂz+ ED
6 6

X 2a+4 cos asina = fla)

2
ﬁﬂ):d (—JE]:
2
2 2
7.000 7= | qx]
2+ [x+1]
=fx[-r2]
3+ [x]
0 ! V2
0 0 x-1
= [ ——dx
_I,.‘i—l +£3+de+{3+|¢:+0
5 W2
=.‘.[£]
al 2 ),
_2-1_1
8 4
4]-1=0

Fill in the Blanks Type

1. Given that

SCC X COS x Sﬂ‘Cz X + COtx cosec x

f(x)=|cos’ x cos® x cosec’ x

2 2
| COS™ x Cos“ x

Operating R, — R, — sec x - R;, we get

Get More Learning Materials Here : &

2
0 0 SCC”™ X + COt x COoSsecx — coS X

- 2
f(x) =|cos*x cos’ x cosec? x

l cos’ x cos’ x

Expanding along R, we get
flx) = {sccz X + cot x cosec x — cosx) (cus“x - cusz.r)

2 2

B I COS X - K
= + — — COS X |COS x(cus .r-l)
Cos"x sin“x

3
.
cos™ xsin” x

s 3 =
[sm* X+ COS x— EDSJIEIHI x:|

2 -
COs XSsIn Xx

i cusix{l ~ sin? x)

= - sinzx —cos’ x

= — §In

j; I_)"(J:) dx == _L:Hz(sin2 x + cos’ .r) dx

_ x/2] 1 —=cos2x L2 32
—-jﬂ > +cosx(l =sin” x)° |dx

"
FI+5in2.r-E N
B ) 2t
= - - - t——+—],
| {55
2 Jo
where 1 = sin x
=_£_(!_2+1] |
4 3 5
=_(15n’+32]
60

2. Whenx=0, x*= 0, and when x = 1.5, x* = 2.25.

Thus, [x°] is discontinuous when ¥* = 1 and x> =2 or x = | and
x=42.
J‘""[f] dx = j'[x*"] dx + J“E [x°] dx + I"S[.rz]dr

0 0 1 V2

=0+L‘E I dr+J'::2dr

=1(V2-1)+2(1.5-V2)=(2-V2)

4
3 3
n/4 '
4. I=| ¢ do (1)
x4 | +sing
Ix/4 T—0Q

“deis. Tramim—9) "7
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[Using J:f(.r}dx = I:_f[u +b - x) air:|

(2)

ind T —0
= d
f L-“ | +sin¢ ¢

Adding equations (1) and (2), we get

o= Jl’-‘ l+5m¢

i in/4a | -sing d¢

/4 | —sin’ ¢

3n/4] — sin
=7 | . ¢d¢
/4 cos” @

In/4 -
=n j y (sec™ ¢ —sec ¢ tan ¢)do

= 1t [tan ¢ — secd])” .’
= [tan 374 — sec 3W/4 - tan w4 + sec 4]
=n-1+v2-1+2]
=2m(v2 - 1)
s l=mV2 -

Vx (1)
JST{+J_

=
=

:[Using J:f(x] dx = I:f(a + b - ,t}cir]

5. Letl= j

3 JS —x :
= dx
NN -

Adding equations (1) and (2), we get

3J;+
e IJT{J:;

0rf=1j31m=
7 12

| l
2878=3

. Let us first find the functions satisfying

Qf[x)+bf[%J=l—5. (li)

X

Replacing x byl, we have af( lJ+ bf (x) = x-=35. (2)
X X

Eliminating / (l) from equations (1) and (2), we get
x

22 _sa—bx+5b
X dx
.][ al_bz

_‘
ﬂ

3

] x° 1
= alogx—b— +5(b-a)x
a'—bz[ 8 2 ( ) 1
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Ta

—

= — - ':11032—2b+10{b-a}+2-.5(b-a]]

— 3

= :l alog2 - 5:1+%]

dx (1)

x In
. _[ xcos~ " x
o cos™ x+ sin”” x

_ ZJ (I!J:'—n*‘jw:u:mslh Idr 2)
x+sin” x

[Using I:_f[.r:) dx = J; fla-x) dr]

Adding equations (1) and (2), we get

211' COS
2] = j - 4::] -dx
cos" x +sin~" x 0 cos>" x + sin>"

2n

[_[:af(x)dﬁ Zj:f(x)dr if f(2a-x)= fl.r}]

cos>" x

- 87 _[ — ——dx (3)
5 cos™” x +sin"" x
|Using the above property again]

ln[n )
=8n | — e
0 cos” (——x + SIn E_I
\

; 3
SinT XxX+CO0S X

Adding equations (3) and (4), we have

x/2
41 = 8n j ldx

-

orf=

¢'" 7t sin (7 In x) A

Lel.’:J

| X

letrlnx=1¢

X b= di
X

37
" !=Iﬂ ll.sin ! di =[-—cus:]:' =—-cos37Tm+ 1
=-(-1)+1=2

1= [ = Fy - F()
U

S de=dt

sin ¢

o 1 = Lmer dr = F[(:)]:ﬁ

s I=F(16)-F(1) '
k=16

Put x* = ¢
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True/False Type

/()
7+ a0
22 f(2a-x)
) I“ f(2a-x)+ f(x)
[Using J‘ﬂ f(x) dx = jﬂ f(a—x) dx)
Adding equations (1) and (2), we get
_ Izaf(x)+f(2a-x) e
0 f(x)+ f(2a-x)
2a

= [ 1dx

0

L Let/=]" (1)

(2)

= [.nr]é"l =2aorl =a

Therefore, the given statement 1s true.

Subjective Type

l ! l
. L=1i + +ooet—
o nl—Tu(n+l n+2 6n]

5ot i3

Now, Lower limit = lim (#/2) _= lim (1/n) =0

n—soo =t on

Upper limit = lim (r/n) _, = lim(5n/5)=5

n—peo= r—ro=

S dx S
Then L =| T [lug (1 +I)]{] =log 6

2. [ (+1-x)" de
= [ (= 1)x+11" dx

(e-D)x+1"*"
-+ |

1 IH'P'_ l
n+l]|t=-1 1«¢-1]
n+l
: -
b [ (41— x) de=— (1)

0 (t=1)(n+1)

For J;""k (1- x)"_k dx :I:""CJr (n+ l]]hl

k=0,1,2,-,n
Now, [tx + (1 —x)]"

- i"q (0)! (1 -x)" ™

[Ck I‘Ink:lk

Integrating b th sides from 0 to 1 w.r.t. x, we get

I[L‘I+(l— x)| dx = ka "C,L_[ (1-x)""

[Using binomial theorem]

Ma

' (r l) n+l)~z G {I‘; L )H—kdx}

[Using equation (1)]

“ i Cr {_L;x“ (1 -x]"'*ctr]

k=0

! +t+P+ +-+1"]  [Using sumof G.P]
n+|

Equating the coefficients of ¢ on both the sides, we get
I

n+l
|
"C, (n+1)

"G [ (1= x) =

L:.t* (1- :-l:]‘“"d‘E dx =

. Letl= I xf (sin x) dx (1)

Now, using property J f(x)dx = J f(a+b—x)dx , we get
I= L (r—x)f{sin(m — x)}dx

or 1= [ (m = x)f(sin x)dx )
Thus, adding equations (1) and (2), we get2/=r J: f(sin x)dx

Ter . .
orl = EI“ f(sinx)dx.

. To understand the sign scheme of y = x sin 7x, lets first draw the

graphs of y=xand y = sin @x
The period of y = sin mx is ‘2.

From the graphs,

(—x) (=sinzx) if =1 <x <0
Ixsinmx{=<xsinzxif 0<x<I
x(— sinx) if 1 < x <3/2

2
J.y | xsin n:]dr

Ft . ]II'IE .
= I IISiﬂﬂI dx + I.r sin Tx dx + L (*-.T Sin HI]dt

| _ pd/2 :
=J l.rsm:rxdr-— 1 x sin mx dx

T 32
=2L.tsmrrxdx-jl x sin tx dx

" 2_{,1:[-;1):051:1}; = jﬂl(;'J COS X d‘.r-l
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= Y2 3y | =]
= {x[—] CoSs HI} +I l(—]cusn.tdx
/4 ; i /4

(2o 2 et [ oo (1)

=(2m) +0+0+(1/m) + (1/7)
=@+ 1)n
=Ix*4sinx+cnsx
9+ 16sin 2x
We know that {sinx—cnsr)1= 1 —sin 2x

or sin 2x = | — (sin x — cos x)*

dx

:IHM SIN X + COS X
9 + 16(1—(sin x — cos x)?)

_IrM Sin x + COS X .
0 25-l{r(simu:-r.:t::r&;..tur)2

Letsinx-cosx=1

_I=Iﬂ- dt
- -125 - 1642

| (0 dt

i6 175y
4
3]

Put x =sin @ .. dx = cos 8d6O
Also, whenx=0, 6=0, and when x=1/2, 8= 6.

J-mﬁ sin Osin~" (sin )

Thus, /= -
J1-sin?@

cos@ dO

X6
=1 @ sin 0d6
Integrating by parts, we get

- [9 (- cusﬂ]]:ﬁ + J:ml cos 8d6

= [~ @ cos B+ sin Glgfﬁ

V3i 1 _6-rV3
27

g b
2 12

=
6
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7. Given that f(x) is integrable over any interval on real line and

J(t+x)=f(x) (1)

for all real x and a real +.

a+ 0 ! a+t
Nuw,L I!f(,wl:).:ir=L]’(,n:)c:.i.’:-:+JL_'JI'(:«:)c:l‘.’):+J:' f(x) dx
In the last integral, put x = ¢ + y so that dx = dy.

Then [*"' /(x) dx
=[ fe+y)dy=] s(y) b
= [ f(x)

a+1

[Using equation (1)]

== [ flx)dc+[ f(x) e+ f(x)dx
- E £ (x) dx, which is independent of a

Alternative Method:

a+i

g(x)= | f(x)dx

Given that fix + 1) = fix) (1)
We have to prove that g(x) is independent of ‘a’.

dg(x)

1.e., we have to prove that =0

SO oy~ Fla)
da

From (1), fla + 1) = fla)

dg(x)
da
Thus, g(x) is independent of ‘a’.
x/2 Xx SIN X COS X

8. Let/= j dx (1)
CD‘S I+5|ﬂ X

Now,

=0

J-: 2(n/2 - x)sin (x/2 - x)cos (x/2- x)
cos® (w/2=x)+sin* (m/2-x)

[Using _[U f(x)dx = j'u f(a - x)dx

n2(m/2 —x)sin xcos x
fo [T, )
U sin” X +COS X

Adding equations (1) and (2), we get

/2 Sin X COSX
21 _-_[ - dx
sin? x + cos® x
T ¢x/2  SIN X COSX
ﬂr..f:—-‘[ T - dx
470 " sin” x +cos x

_Z Inflseczxtan.r
4 40

lan4x+l

dx (Dividing numerator and
denominator by cos” x)

T Jrr-! 2 tan x sec” x dx

| + (tanz.r)z
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Put tan® x = ¢ .~. 2 tan x secx dx = dr
Also.asx = 0,12 0;asx = w2, 1 > oo

o= Al
21=Z
8 IU b4
__[tan-' ;]‘ — [m2 - 0] = r/16.
9. Let /= g (1)
0]+ cosasinx
_II (K—I) Cb.
- 40 1+ cos a (sin(7 —x))
(using [ £ (x) dx = f(a = x) dx]
i L 2)
0 ]+cosasinx

Adding equations (1) and (2) , we get

T X+mM—-Xx
21 = —dx
0]+ cosasinx

.*J” n dx
0]+ cosasinx

i L S
270 | +cosasinx

n xi2 |
=—><:2j — dx
2 0 |+ cosasinx

x'2 |
EHJ‘U _ 2tan x/2 ax
| ¥ cos & X

| + tan’ x/2

dx

_EII-'I sec” x/2
0 1+tan® x/2+ 2cos & tanx/2

Puttanx/2 =tor % sec’ %aﬁr = di

Also, whenx = 0,1 — 0
and whenx = w2,.1 — |

| 2dt
0%+ (2 cos a)r +1

-2HI

! dt
=2n J- 2 . D
(1 + cosat)” +sin”~ &

|
! g1+ cosa
=R — tan :
SIn & sin & 0

n 4 [ 1+cosa 1 (cns u:)
= ——|tan . — tan :
sina sin o sin &

LI=R

{ + COS u'] +1—cos’ &

/ \
| +cosax cos &
2 _; sin o sinQ
= — tan
Sin o i | +cosx cos O
1 sin @ sSinQ
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C2n | _.[ sina H

_m[_ | +cosax

=3£-lﬂﬂ_l (mﬁ)]
sin@ | 2

o

~sina

0
11. Let /= _[ £ (sin 2x)sin xdx (1)
x/2 ) l 1]
= Iﬂ _f{sm 2[511:—1)} 51n(51r~x)dr
= J:sz(sin 2x) cos x dx (2)

Then adding equations (1) and (2), we have

21 =J.:'J:f(sin 2x)(sinx + cos x) dx

x/2 . . b4
=2 jﬂ f(sin2x) sm(.r Ly ]dr
Now, from the result which we have to prove, it is clear that we
have to substitute %— 20 = 2x.

s dx = —d6. Also, when x = 0, 8 = w4, and when x = /2,
6= -m/4.

s 2=2 j:: f(cos28)cosB db

=22 Jumf(cus 20) cos8 d6
[as g(6) = f (cos20) cos@ is an even function]

2 1=N2 [ f(cos2x) cosx dx (3)

Equations (1), (2), (3) give the required result.
12, S=cosx+cos3x+...+cos(2k—1)x
(2sinx)S=2sinxcosx+2sinxcos 3x+ ...
+ 2 sin xcos (2k - 1)x
= sin 2x + (sin 4x — sin 2x) + (sin 6x - sin 4x) + ...
+ (sin 2kx = sin(2k — 2)x)

= sin 2kx
7 = sir_l 2kx
SIN X

=5 sin 2kx cot x
_sin 2kx

sin x

COS X

= 2c0s x (cOs x + cos 3x + ... + cos (2k - 1)x)
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=1+ cos 2x + cos 4x + cos 2x + cos 6x + cos 4x + ... + T

cos 2kx + cos (2k — 2)x Putz=g-cusx.Thendz=—Esinxdr.
x/2
Isinthntxir . Whﬂnx=0.z=%.andwhﬂnx=mz=—§.
0
x/2 xl/2 A Tp e I
= Idx+ I(2cns2x+2cus4x)+---+2cu5{2k-2).1* SI=—— —sinz dz
0 0 roR2om
/2
+Ic052kx=£+0=£ =i 2 zsinzct=iz[—zcnsz+sinz]§r2= i
0 2 2 ?I'I 0 T R.l
(As other integrals than 1™ one are zero) 15. Given I'EI(I_ 1)" dx =16 —6e
13. We are given that f'is a continuous function and 0
x 7 where ne Nand n < 5.
In f(!) 1= 0085 x| = oo To find the value of n, let
To show that every line y = mx intersects the curve / -jle“'(.r—l]" o
iy _ -
)| t)dt =2 l =
jnf() =[{x—1)"e‘]:,—fun(x-l] ' e"dx
if possible, let y = mx intersects the given curve. Then substituting ;
y = mx in the curves, we get =—(-1)" -Iﬂn(x - ])"_Ie‘tdt
mix + [ f (1) di =2 (1) or I, = (-1)"" ' ~nl,_,. (1)
Consider F(x) =m’* + [| £ (1) dt - 2 Also, 1, = [ " (x - 1) dx
Then F(x) is a continuous function as f(x) is given to be 1 gl
continuous. = [E" (x - l)] - -[u e* dx
Also, F(x) & o as |x]| = oo ,
But F(0) = -2 =—(-1)-(e')
Thus, F(0) = —ve and F(b) = +ve where b is some value of x and =l-(e-1)=2-e
F(x) is continuous. Using equation (1), we get
Therefore, F(x) = 0 for some value of x € (0, b) or equation (1) o, 3 _ _
. y=(=1y-2I,=-1-2(2-e)=2e-5
i1s solvable for x. - 4
Hence, y = mx intersects the given curves. Similarly, ;= (-1)" =35, =1-3 (2¢-5)
=16 - 6e
: . (=
_ xsin 2x sin [E cos :t:) S o n=3
14, Lﬂf:jﬂ 2y — 11 dx (1) N 2x° 4+xt = 2x? +2x% +1
16. I=| - dx
Then 2 (xz - l)(x - 1)
; -
- s - = > 2
;=J"' (m — x)sin (2n Zr)sm(zcns(n x)]dt =J’"’ 243 (.r*-—l)+(x2+l] N
— — P -
: 2(x—x)-x (&) ()
_(r=x) (- sin 2x)sin [- Z cos .r) 3 2xXdx 3] "
=I £ ,or _‘L 2 2+J‘3f—l
0 T -2x (x + I)
50 3 2 3
l(:—n)sinhsin(%:usx] =J' 2 zxdr+[l]ugx—l]
or ] = dx 2f23 ¥ 2 x+1],
s — ) (x* +1) :
Adding equations (1) and (2), we get 1071 l 2 1
=il ==l = g =g
5 ¢ 4 3
. N E
(2x — ;) sin 2x sin (-— cos .::]
Hzr 2 e Put.rz-l-1=mr?_tdx=dr.Whenx——}2,:—rS.Endwhcn.r—ﬂ,
. 2x-n t—10.
- I: sin 2x sin (E cos x]dx oF o J'"'(l _ l]dr e lngé
- s\t £ 2" "2
_I"—' 7si - ) 10
= sin xcosxsin | — cos x |dx I 1 3
0 \ 2 =[lug|r|+—] + — log -
J-I "r;rr ! 5
or/=| sinxcosxsin|— cos x)dr 1 1 1 3
0 =logl0-logS+ — ==+ —log -
\ £ S T
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=log 2 + [-—-}+

1 |
- logb - —
2 %57 10

17. Let/ =_|'“H.|sinx \dx

nK+ v

—'J[smx|d.r+I | sin x| dx

= [ sinxdv+n [ |sinx|dx [ |sinx has period 7]

= (— cosx)y + n (—cos x):
=2n+1-cos v=R.H.S.

J- [l cos(n+2)x ) (I—cus(nﬂ].r)dr

|—cosx

18 U,.;-U

r——i

- I:r cos(n+1) x—cos(n+2)x

0 l—cosx

: ( 3] s 15
2sin| n+— |xsin
x 2 2

=-[n

dx

2sin’ x/2

Isin[n+§)x
orU, ,,-U,, =L dx (1)

. X
sin —
2

l

-U, j ( E}rdr (2)

sm =

From equations (1) and (2), we get
o (Un+2 _UH+| _(UH+I _UH’)

sin(n+-§) xX- sin(n - %Jx
=I dx

e
sin —
2

2cos(n+1) x sinx 2

orUy,; +U, - 2U,,, = | -

. R
=2["cos(n+1) x dx = 2[5'"("”)"'} =0
0 n+l "

orU ,,+U =2U_ ,,
R Um Uﬂ"'l"‘ UH+2 are in A.P.

[ -] 1 -
u=r dx:g‘uli:l cosx . _ -
—COS X

(Common difference)

0 |-cosx
UI_UE‘:H
SU =U,+nn=nn

U =nm

x/2sin nﬂ Imll—cuﬂnﬁ

Now, [ -I
|-cos286

de
sin’ EJ

dx =— nn

1 rrl —cosnx |
2 | —cosx

13 x®
19. Let /] = ; 2 cos™ 212 dx
|+ x

Put x = —y, so that dx = — dy

and / =j”ﬁ yl cos™' - 4 dy
_|,.'Jj] _ y-l ]+y2 "

Bulcns" (—x) = - cos 'xfor—1<x<1,

il =

iyt i _2y
J'er— T — COS (l+y3]_dy

v xt
= f 1B T A dr-—z’
3 x*
I=r dx
.[n x"
I.'q'*
—n' 7 |dx
—_EI”JT +HJ-UJ- til'4

20. Let/ = [ In(1+tan x)dx (1)
= [" In(1 +tan (2/4-x))dx

[

o f(x)ac=["7(a- .t)dr]

x4
I=jﬂ In 2 —In (1 + tan x)]dx (2)
Adding equations (1) and (2), we get

of = j':"m 2 dx

=In2[x[" =In2 [-’E—j‘

i =212
8

21. Given a + b = 4 and d‘i(:) >0, i.e., g(x) is an increasing

function.
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We have to prove that I:g(x)d.t+1:g(x)dt Increases as
(b - a) increases.

Or we have to prove that fla) = J: g(x)dx +E"ﬂ g(x)dx
increases as (4 — 2a) increases.
df(a)
d(4-2a)
df(a) 0
—2da
df (a) <0

or

da
df (a)
Now, =2 = o(a)—e(4—a
i g(a)— g( )
Given thata < 2
2a<4
a<d4-a

. g(a) < g(4 — a) (as given that g(x) is increasing function)

Thus, J: g(x)dx + I{? g(x)dx increases as (b — @) increases.

= 2x (1 + sin x)

: dx
-% l4cos" x
x 2x xsin x
= dx+ 2 dx ]
I‘”1+E{]SII I"I+cu52x ()
=0+4[ 0% ok
01+cos” x

x (7 - x) sin (7 - x)
-[ l+cusz(n x)

_4J- SII'I.I"
| + cos® x

n  sSInXx R Xxsinx
= 4r — dx - 4 — dx
0 ]1+cos x 01+cos® x

~2=4x [ 5'“! dx
01+ cos” x

R L e

01+ cos® x

Put cos x = 1 so that - sin x dx = d.
Whenx=0,7=1;whenx=m,1=-1.

N, (e
I1=2r drz
]+t
-l
=4:r[tan":10
=41r£=1r2
4
] zab:t 1  x+(1—-x)
0 l-x+ x 0 l = x(1 —x)

= I tan™' x dx + J'{;t:zﬂ'j_1 (1 —x)dx

=Jltan" .«:il:+rtan"[l— 1 —x)] dx
; b 0 (1 -x)
=2_|:tan'lxdr (1)

25. We have y(x) = _[

= .’;. ) J‘;‘ﬂﬂ“] il [From equation (1)]
T I |
= e Z{x tan”' x - = log (1 + xz)} (integrating by parts)
.u :
= log, 2

. Let F(x) =f(x) + f[i]

:Ingrd I:lugr
bVl +1 ! 1+r
In second integral, let 7= 1/y .- dt=—ildy
y
xlogt x=lo *
2P = [ s [ ”{ “%J
14¢ {4 — y
y
=riugrdr+ II log v
P 1+¢ ' y(1+y)

:IﬂgIdH r log ¢ »
I ] +¢ L (1 +1)

«log?
_Jl fdrﬂ—(lugx)

. Fle)= !

2
cnsxcc;s\/_idﬂ
6

x’ Cos J_

- cosx |
161 4 ssz_

/16 | + sin

dy X cos V@
L — =—SInXx = do
dx L 16 I+sm2\f—
d i 2
+ cosx — r ms{—dﬂ
©/16] + sin? /@
= —SianI: = J_
x“/16] +5m1f
+oonx | 22 g
| +sin“x
2
nr‘—ﬁ"— =0+ cns:.‘ 2R =27
de|, _. l+sin“x
3
3
26. Let/=[" A

3
" 2—cos [l x|+ %)
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i rr o 3 2 2 Now, using the property that
- j—:n:l T I—:H /4 0 if f(Qa—x)=-f(x)
2-cus(|x|+— 2—cos| | x|+ —= Jzﬂf{x}dt= )
3 3 0 2[" f()dx if f(2a-x)= ()
The second integral becomes zero as integrand being an odd
function of x. we get /; =0 and
2
L I=2n :;3 s 1, =2 J: " 3£ﬂ$(%ﬂﬂ51)5iﬂ x dx
2-:05[;: + E)
: = 6[" oo l in x dx
Letx+ w3 =y .. dc=dy. = L e~ Ccos zcﬂsx sI
Also,asx = 0,y — @/3, and as x — /3, y — 21/3. Put cos x = { .. —sin x dx = di
2%/3 1
si=2nf" -2 - 1, =6[ ¢ cos—dt
x/3 2—cosy 0 2
- =l
2x/3
= |’ . 2 e (1 . 1 t
/3 5_ | -tan” y/2 =6 l(—sin—+cus—2~]
| + tan? y/2 1+—-\2 2
. 4 0
2x/3  sec® y/2
=2 “
L:s 3tan? y/2+1 dy [Usingfe‘” cos bxdx = f+ 7 (bsinbx+acu5bx)]
a
Zsec? y/2
B 2 le=(2) 2 (3)-
3 e 3 2 =—|ecos| — |+ —esin| = |-
372 tan? y/2+(1/43) 5 2)" 2 2
an3r 2x/3 1
- 50,100
S Ltan ™" (V3 tan y2)] 5050 [ (1- x%)'® e :
4 28. 2 =5050-1%
= rtan 3 —tan' 1 | 504101 hor
J3 Ja-x*)"ax
0
ar -1
= —[tan~" 3 - /4] !
\/3 flﬂ] -~ I(I .- Im}[l _Im)lmdt
( 1 I ;
= [" & 25in| - + - in xdx '
27. 1 Iﬂ e LZsm[zcﬂsx] 3cus[zcusx)]sm _ f,m—jx-x”[l-.r‘m)'mdr
U
_ [® Jeosxl 5 1 - |
Jﬂ e 2 s::n(2 cusx] sin x dx i —x(1— x>0 _j_(l_ X0yl
. 101 | 5050

+ ré"’“” 3cu5(l cﬂsx}sinxdr
0 2
=L+

=
paal
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